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Mathematical description of a passively Q-switched Nd:YAG laser has been presented. The numerical analysis of saturable

absorber influence on the laser efficiency was made. The aspect taken into account here is the Cr4+:YAG – saturable ab-

sorber exhibiting excited state absorption (ESA). The optimization procedure points to the optimal circumstances of the laser

system considered. The numerical model developed is a very useful tool in designing solid state lasers Q-switched by means

of different nonlinear absorbers.
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$% &�����������

Q-switching of Nd:YAG lasers is widely applied in scientific
research and for practical applications using active or passive
devices. Active Q-switching methods (mechanical, elec-
tro-optic, and acusto-optic) are usually used in Nd:YAG sys-
tems to obtain pulses with high repetition rate and high aver-
age output power [1]. The technique of active Q-switching is
rather complicated but the advantage is the fact that the repeti-
tion rate is independent of pumping power. The alternative
technique of laser losses switching is application of a satura-
ble absorber whose transmission depends on internal laser
flux intensity. In this technique, a material with high absorp-
tion at the laser wavelength is placed inside the laser resonator
and prevents laser oscillation until the population inversion
reaches a value exceeding the total optical losses (dissipative
losses, saturable absorber losses, transmission losses) inside
the laser cavity. As the photon density builds up following
achievement of a net positive inversion, passive absorber rap-
idly bleaches into a high transmission state, thereby
Q-switching the laser.

There are some advantages and disadvantages of both
passive and active Q-switches. By using an active
Q-switch, the repetition rate can be controlled by an exter-
nal driver, whereas for a passive Q-switch the repetition
rate is given by the internal parameters of the laser. The
passive Q-switch is initiated by the laser intensity inside
the resonator itself. Therefore, this Q-switch is simple –
there is no need for drivers but, at the same time, the flexi-
bility in choosing laser parameters is reduced. This means
it is not possible to change the repetition rate for a given in-
put pumping power and absorber transmission. At high

depth of modulation, the residual losses are also high and
therefore the efficiency is low. Other disadvantages of the
passive Q-switch are: the large build-up of time fluctua-
tions and the intensity instability from pulse to pulse. How-
ever, compared with active Q-switching methods, passive
techniques that use saturable absorbers can significantly
simplify the operation and alignment, improve the reliabil-
ity and compactness, and reduce the costs of laser sources.
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Recently, a Cr4+:YAG as a Q-switched elements used for
Nd:host lasers have attracted great attention [2,3]. The en-
ergy level diagram of Cr4+:YAG crystal is shown in Fig. 1.
As it is shown in Fig. 1, a four-level model can explain the
saturable effects at 1064-nm wavelength. The 1E level
splits in 1A1 and 1B1. The absorption of the radiation at
1064 nm occurs between the level 3E(3T2) and the ground
level. The excited level decays by photon interaction to the
level 3B2(3T2), which relaxes by spontaneous emission. The
quantum efficiency of the transition 3B2 � 3B1 is poor
(15%) at room temperature and decreases with temperature
increase. The strong photon interaction is responsible for a
small value of the quantum efficiency. The energy balance
at 1064 nm is as follows: from 9400 cm–1 a part of
2600 cm–1 is transformed into heat by photon interaction
3E � 3B2, 85% of the rest (6800 cm–1) is transformed into
heat because of the low quantum efficiency. The excited
state absorption (ESA) phenomenon appears between the
3B2 and 3E (3T1) levels. Relaxation of the 3E (3T1) level is
supposed to be reduced entirely through photon interaction.
The transition 3A2 � 3E (3T2) has the cross section of
1.5�10–18 cm2 and the transition 3B2 (3T2) � 3E (3T1) has
the cross section of 1�10–19 cm2.
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Cr4+:YAG crystal is superior to the traditional Q-swit-
ched saturable absorbers (Kodak dyes, celluseacetate thin
films or LiF:F2 crystals, etc.) for such reasons as: its excel-
lent optical properties, large absorption cross section, high
damage threshold and no degradation. Therefore it is rea-
sonable to believe that Cr4+:YAG is an ideal saturable ab-
sorber as a passive Q-switch for all high power and high
repetition rate solid state lasers.
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Passive Q-switching is currently the most attractive method
of generation of ns and sub-ns laser pulses. The main char-
acteristics of a Q-switch are as follows: the concentration
of absorption centers, ground state absorption (GSA), ex-
cited state absorption (ESA) cross sections, and lifetimes of
the upper levels. To design the passively Q-switched laser
properly, we should know all these parameters as well as
the potential gain in the lasing medium (LM) and its scatter
losses. There are some works [4,5] where the problem of
design and optimization of passively Q-switched lasers
with saturable absorbers (SA) exhibiting ESA was solved.
However, in these works, the solutions were limited to the
case of the so-called “slow absorber”. In this paper we de-
veloped a detailed analysis of passively Q-switched lasers
based on the normalized dimensionless rate equations tak-
ing into account: ESA and lifetimes of SA levels as well as
the magnification in the laser cavity.

The situation where a saturable absorber is character-
ized by only one excited state seldom occurs in nature. In
reality, a saturable absorber is usually characterized by
more than one excited state to which molecules from
ground state are transported. The molecules, which are lo-
cated in excited state, can be transported even to the higher
excited levels (on the condition that the energy gap of adja-
cent excited levels equals the energy of absorption quan-
tum). This situation is depicted in Fig. 2. The parameters
marked in this figure are as follows: n0, n1, n2 is the popu-
lation density of the ground state, the first and the second
excited state, respectively, �a1 is the absorption cross sec-
tion from the ground state to the first excited state of SA,
�a2 is the absorption cross section from the first to the sec-
ond excited state of SA, �1, �2 is the lifetime of the first and
the second excited state, respectively, �1, �2 is the deacti-
vation coefficient of SA centers from the second to the first
excited state and to the ground state (the sum of �1 and �2

equals one, �1 << �2).
According to literature reports, there are many saturable

absorbers, in which excited state absorption phenomenon
occurs. The most common are dielectrics doped with dif-
ferent active ions, like chromium, vanadium, erbium, co-
balt, thulium and many others [6–9].

A passive Q-switched laser system with saturable ab-
sorber characterized by ESA can be described by four rate
equations relating to average power density in the laser
cavity J, amplification in the laser medium k, the popula-
tion density of the first n1 and the second n2 excited state

Numerical analysis of a passively Q-switched Nd:YAG laser with a Cr4+:YAG exhibiting ESA

44 Opto-Electron. Rev, 13, no. 1, 2005 © 2005 COSiW SEP, Warsaw

Fig. 1. Energy level diagram of a Cr4+:YAG crystal. Fig. 2. Energy level diagram of a saturable absorber characterized
by ESA.
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with the initial conditions

k(t = 0) = k0, (5)

J(t = 0) = J0 , (6)

where Esa1 = hvs/�a1 is the saturation energy of the nonlin-
ear absorber to the first excited state, Esa2 = hvs/�a2 is the
saturation energy of the nonlinear absorber to the second
excited state, Es = hvs/�e is the saturation energy of the la-
ser medium (the energy that can be stored in LM), N0 = n0

+ n1 + n2 is the total population density of SA absorbing
centers, h�s is the photon energy, �p is the pumping speed
of the active medium, M is the enlargement of an internal
beam in a laser cavity (the ratio of cross-sectional area of a
beam in SA to cross-sectional area of a beam in LM), lLM

and lSA are the lengths of LM and SA, respectively, � is the
theoretical maximum gain which can be obtained in LM (�
= n0�e), �e is the emission cross-section of LM, VR =
c(lLM/Lopt) is the speed of light in the resonator, �LM is the
fluorescence lifetime of LM, �s is the static losses coeffi-
cient which includes the dissipative �d and the transmission
�t losses, and Lopt is the optical length of the resonator.

To describe the Q-switched laser, we used a point
model. This model is good enough for passive
Q-switching. The analysis and solution of the rate equa-
tions presented above allow us to depict the dynamics of
laser generation in the system discussed.
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The mathematical description of a passively Q-switched
solid-state laser, given in the prior section, includes func-
tions and parameters whose values are dimensional and ab-
solute. It makes more detailed physical interpretation of
these equations difficult and permits to solve them only for
specific cases. Obtaining the quantitative information, typi-
cal for analytical solution of the problem discussed, is im-
possible in this case. Therefore the rate Eqs. (1)–(4) should
be transformed into a form in which their functions and pa-
rameters will have relative values, linked with certain ma-
terial constants or laser system features. It guarantees to
formulate more general conclusions related to a laser with a
saturable absorber as a passive switch and enables its opti-
mization.

In the analysis proposed, the laser energy balance was
taken into account. Depending on M2	1 parameter, being
normalized pumping speed of a saturable absorber, the
changes of energy generated in a laser with its division be-
tween energy emitted on static and dynamic losses were
examined. The initial gain and different relations of static
and dynamic losses in a laser cavity were changeable.

In connection with foregoing, the following normalized
and dimensionless quantities are introduced (Table 1).

Table 1. Definitions of normalized constants and variables.

Constant Symbol Definition

Normalized power density in the laser
cavity

I JL

Esc

opt

Normalized gain of LM K k

�

Normalized population of the first
excited state of SA

N1 n

N

1

0

Normalized population of the second
excited state of SA

N2 n

N

2

0

Normalized fluorescence lifetime of
LM

TLM � LM

opt

c

L

Normalized lifetime of the first excited
state of SA

T1 �1c

Lopt

Normalized lifetime of the second
excited state of SA

T2 � 2c

Lopt

Normalized pumping speed of LM Wp �p optL

c

Normalized static losses of the laser
cavity

RS �

�
s

Normalized initial dynamic losses of
the laser cavity related to SA

�SA 


�
SA

Normalized transmission losses of the
laser cavity

RT �

�
t

Normalized dissipative losses of the
laser cavity

RD �

�
d

Introduction of the constants defined in Table 1 modi-
fies Eqs. (1)–(4) to the following form
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with the initial conditions
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K ROA s NA( )0 � � � , (12)
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N1 0 0( ) � , (13)

N 2 0 0( ) � , (14)
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� is the solid angle of laser generation.
Using the rate Eqs. (7)–(10) we can find an expression

describing the values of energy in a laser with a saturable
absorber. It can be output energy, energy scattered on
static, dynamic losses of a laser cavity or energy stored in a
laser medium.

As it results from the principle of operation of the laser
considered, during its pumping process, the energy is
stored in it as long as the gain reaches the static losses and
initial dynamic losses delivered by a saturable absorber.
After the generation threshold overflow, the gain in LM in-
creases due to still working pump, however, this increase is
usually insignificant. Therefore it can be assumed that en-
ergy stored in a laser medium corresponds to the state
where the gain equals the initial cavity losses. Hence, the
energy stored in 1 cm2 of LM cross section surface can be
given by

E kElstored LM� . (18)

Linking this expression with saturation energy of LM
we receive the normalized stored energy

E
E

E
l Rstored

N stored

s
LM s SA� � �� ( )� . (19)

After crossing the generation threshold in LM (T = 0),
the lasing begins and continues until the laser medium satu-
rates (T = Tk). The power generated is distributed on static
and dynamic losses and can be described by

E l JdtSTAT s LM

tk

� ��

0

, (20)

E l J t t dtDYN LM D

tk

� � ( ) ( )�

0

. (21)

Integrating and linking these expressions with satura-
tion energy of an active medium we receive the normalized
energy, emitting on static and dynamic losses of a laser
cavity

E
E

E
R l IdTSTAT

N STAT

S
S LM

Tk

� � ��

0

, (22)

E
E

E
l I N N N dTDYN

N DYN

S
SA LM

Tk

� � � � ���� 	( )1 1 1 2
0

. (23)

The normalized output energy is given by

E
E

E
R l IdTout

N out

S
T LM

Tk

� � ��

0

. (24)

Normalized Eqs. (7)–(10) are the nonlinear system of
equations and they do not have trivial analytical solutions.
Thus, they were solved by means of numerical methods.
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The whole analysis was conducted in two aspects. In M2	1

parameter domain, we searched for the situation where the
energy necessary to switch dynamic losses would be possi-
bly small while the energy emitted on static losses would
be the highest. However, in dynamic to static losses ratio
domain, we searched for the situation when the output en-
ergy of the laser would be maximum. To this end, Eqs.
(7)–(10) were integrated and then suitable integrals occur-
ring in Eqs. (22)–(24) were calculated.

All the calculations were conducted for the following
data: �lLM = 300, Wp = 10–7, TLM = 104, Rs + �SA = 0.01.
Participation of the dynamic losses �SA in the laser cavity
was variable and equaled 90%, 80%, and 70% of the whole
value of initial LM losses. The value of M2	1 parameter
was variable in the range from 0 to 100. The normalized
lifetimes of SA excited states equaled: T1 = 1000 or 1 and
T2 = 1.

Figures 3 and 5 depict the dependence of energy emitted
on static (dissipative and transmission) losses as a function
of M2	1 for high initial gain and for two different values of
T1 time. As you can see, ESTAT

N always rises along with the
increase of M2	1 value. The most explicit changes occur in
the range of intermediate values of M2	1, where the highest
changes of ESTAT

N occur. The high value of M2	1 accompa-
nies the insignificant increment of ESTAT

N . These relations
depend on �/Rs ratio only to a minimum extent.
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Fig. 3. Normalized energy emitted on static losses of the laser
cavity vs. M2	1 parameter for SA without ESA. T1 = 1000.



In Figs. 4 and 6, the dependence of the energy emitted
on dynamic losses versus M2	1 parameter was presented.
What we can quantitatively determine from this diagram is
the energy which is necessary to saturate the SA. There is a
clear maximum of the energy absorbed by SA – as far as
effective laser losses switching is concerned, this range is
the most relevant. Along with the increase of �/Rs ratio, the
maximum of EDYN

N shifts towards the lowest values of
M2	1 and the value of this maximum decreases. It deter-

mines the necessity of using saturable absorbers character-
ized by higher absorption cross section or it forces us to
make an artificial modification of M2	1 parameter by using
the higher enlargements M of a generated laser beam.

The behaviour of a Q-switched laser with SA character-
ized by ESA was presented in Figs. 7 and 8. It is easy to
observe, that excited state absorption phenomenon in SA
negatively influences laser generation efficiency causing
decrease in the energy emitted on static losses and simulta-
neously increasing the energy which saturates SA. The dif-
ferences between ESTAT

N and EDYN
N versus �/Rs ratio are

higher than for SA without ESA.
From the diagrams presented above (depending on

M2	1 parameter value), we can specify three different
working regimes of a passive Q-switched laser:
• the case when M2	1 >> 1. Then we deal with a well de-

signed passively Q-switched laser. The laser medium is
strongly saturated. For SA without ESA, the small
amount of the energy stored in the laser cavity is des-
tined for dynamic losses switching. Most of the energy
stored is emitted on transmission and dissipative losses.
However, as far as a laser with SA characterized by
ESA is concerned, the energy saturating SA is constant
versus M2	1 parameter value.
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Fig. 4. Normalized energy emitted on dynamic losses of the laser
cavity vs. M2	1 parameter for SA without ESA. T1 = 1000.

Fig. 5. Normalized energy emitted on static losses of the laser
cavity vs. M2	1 parameter for SA without ESA. T1 = 1.

Fig. 6. Normalized energy emitted on dynamic losses of the laser
cavity vs. M2	1 parameter for SA without ESA. T1 = 1.

Fig. 7. Normalized energy emitted on static losses of the laser
cavity vs. M2	1 parameter for SA with ESA. T1 = 1000, T2 = 1,

	 = 0.2.

Fig. 8. Normalized energy emitted on static losses of the laser
cavity vs. M2	1 parameter for SA with ESA. T1 = 1000, T2 = 1,

	 = 0.2.



• the case when M2d1 < 1. The gain in LM is weakly satu-
rated and the energy generated is very small. In extreme
case, when M2d1 � 0 (we can interpret it as using an
absorber with absorption cross section close to zero and
characterized by some finite transmission resulting
from absorbing centres concentration) our laser works
in free running regime. The losses introduced by SA are
not changeable during the generation and such an ab-
sorber cannot be called nonlinear.

• the case when M2d1 > 1 (where energy changes are the
highest). In this range along with the increase of M2d1

value the gain saturation of LM builds up rapidly, espe-
cially for high values of �/Rs ratio value. It is caused by
absorption saturation of a SA. There is an explicit maxi-
mum of energy switching the SA, whose location de-
pends on �/Rs ratio. This range can be called ineffective
Q-modulation.
It is not difficult to conclude from the analysis done so

far, that for a laser with a SA exhibiting ESA as well as a
laser with a SA characterized by the lack of ESA phenome-
non the relations of the energy emitted on the static losses
RS change as a function of the ratio of the whole laser loss
components. It points to the necessity of optimization of
the laser transmission losses RT depending on dissipative
losses RD and M2	1 parameter.

Figures 9 and 12 present dependences of normalized
output laser energy as a function of �/RS ratio. The
dissipative losses were assumed at 1%, 5%, and 10% of
initial gain. On the basis of the characteristic curves pre-
sented above we can point the optimum �/RS ratio for
which the output energy is maximum. This maximum is
strongly dependent on dissipative losses level, which is ob-
vious (RS = RT + RD). The higher value of dissipative losses
corresponds to lower laser output energy (Figs. 11 and 12)
and the higher value of M2	1 corresponds to the higher out-
put energy. Along with increase of M2	1, the maximum of
output energy shifts towards the lower values of �/RS ratio,
and the level of this maximum increases. The optimal out-
put energy is strongly limited especially from low values of
�/RS ratio direction. In this range, the slight change of this

ratio induces significant changes of output energy. This
limitation occurs especially for higher values of dissipative
losses (Fig. 12).
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Fig. 9. Normalized output laser energy vs. �/Rs ratio for the laser
with SA without ESA. Dissipative losses RD = 5%. T1 = 1000.

Fig. 10. Normalized output laser energy vs. �/Rs ratio for the laser
with SA characterized by ESA. Dissipative losses RD = 5%.

T1 = 1000, T2 = 1, � = 0.2.

Fig. 11. Normalized output laser energy vs. �/Rs ratio for the laser
with SA without ESA. Dissipative losses RD = 1%. T1 = 1000.

Fig. 12. Normalized output laser energy vs. �/Rs ratio for the laser
with SA without ESA. Dissipative losses RD = 10%. T1 = 1000.
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In order to confirm the correctness of the numerical anal-
ysis conducted in sec. 4, an experimental passively
Q-switched laser set-up was elaborated. The �4-mm
� 3.5’ Nd3+:YAG crystal was used as an active medium
with both sides antireflection coated at 1060 nm. This
crystal was pumped by a �4�30 mm xenon flash lamp
and was located in a 92 cm-long plane-plane laser cavity.
The rear reflector had nearly total reflection at 1064 nm,
and another flat mirror acted as an output coupler with
reflectivity of 15% (optimal value for Cr+4:YAG) and
70% (optimal value for Cr+4:GSGG). The pump light
was focused by means of a diffusion elliptical cylinder
reflector (LM 1520T C300S). In this set-up we applied a
�2.25 mm diaphragm forcing the laser to work in a fun-
damental transverse mode TEM00. Cr+4:YAG and
Cr+4:GSGG crystals, antireflection coated at 1064 nm,
were used as passive switches. Applications of two dif-
ferent absorbers aimed to confirm the conclusions for-
mulated earlier. Both Cr+4:YAG and Cr+4:GSGG crystals
were characterized by excited state absorption and, what
is the most important from experimental point of view,
they are also characterized by different values of 	 pa-
rameter. The Cr+4:YAG absorber was characterized by:
�a = 2.08�10–18 cm2, lSA = 0.55 cm, initial transmission
T0 = 17%, 	 = 0.098, 	1 = 03.2. However, Cr+4:GSGG
crystal was characterized by: �a = 1.5�10–18 cm2,
lSA = 0.8 cm, initial transmission T0 = 36%, 	 = 0.19,
	1 = 2.3. The experimental set-up worked with 1 Hz rep-
etition rate. The Rj–7100 energy meter with Rjp–735
probe and the digital oscilloscope (2040 Tektronix) were
used to measure the output energy and the pulse width of
the laser pulse, respectively. It was necessary to compare
the obtained measurement results with those achieved by
applying the numerical calculations. This comparison is
presented in Table 2.

All pulse characteristics, such as output energy and
pulse duration were in very good agreement with those pre-
dicted theoretically. Thus, it allows us to assume that the
numerical model proposed is correct and can be applied for
different saturable absorbers both with and without ESA
phenomenon.
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In conclusion, the optimization of a passively Q-switched
laser with saturable absorber characterized by ESA was
considered. We developed a detailed analysis of the pas-
sively Q-switched lasers based on the normalized dimen-
sionless rate equations considering: ESA and lifetimes of
the SA as well as the magnification in the laser cavity. The
following conclusions were drawn from the analysis pre-
sented above:

• efficient generation in a passively Q-switched laser
takes place when a saturable absorber is characterized
by the absence of ESA.

• in order to maximize the laser output energy, the satura-
ble absorber should be characterized by long lifetime of
its first excited state as well as high value of the ratio of
ground state absorption cross section of a SA to emis-
sion cross section of a LM. It guarantees high saturation
of a laser medium.

• ESA phenomenon decreases the laser generation effi-
ciency. It results from multiple absorption transitions
between excited states of a SA. The ESA phenomenon
causes: the decrease in the energy emitted on static
(dissipative and transmission) losses of a laser cavity,
the increase in the energy level which is necessary to
“switch” a saturable absorber, and the fall of laser me-
dium gain saturation.

• the level of the energy emitted on all the laser cavity
losses depends on the ratio of its particular components.
This relation occurs especially in case of a SA charac-
terized by ESA.

The theoretical and experimental results obtained are in
very good agreement and thereby they are very useful in
designing of such lasers.
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