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Complex refractive index concept for the description
of sevanescent wave sensor
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Laboratory of Optical Fibre Technology, Faculty of Chemistry, M.C. Sktodowska University
3 Sq. M.C. Sktodowska, 20-031 Lublin, Poland

The paper presents the analysis of the multimode fibre optic evanescent wave sensor response. Theoretical considerations,
based on losses during the single reflection and the complex refractive index, showed non—linearity between the sensor re-
sponse (absorbance) and the imaginary part of the refractive index, hence, concentration of examined species. To confirm the
theoretical predictions, an experiment in the model sensor set—up was performed. As an absorbing species amidoblack dye
(naphtol blue black) was used. Good agreement between the experimental results and theoretical predictions was observed.
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1. Introduction

Evanescent wave sensors become more and more widespread
[1,2] although the response of the sensors depends on many
parameters, i.e., kind of applied fibre, light source, detector
system, sensor geometry [3,4]. Theoretical description of the
evanescent wave sensor can be based either on the mode anal-
ysis or the geometric optics. The mode analysis can poten-
tially give an exact sensor description, but needs complicated
mathematical methods and even for a few mode fibres many
simplifications have to be applied (weakly guiding, steady
state). The geometric optics exploits simpler expressions than
the modal analysis, but it is shortcoming for the angles close
to the critical angle and neglects leaky rays, which, in turn, in-
teract strongly as the evanescent wave giving the greatest con-
tribution to the total sensor signal. The approach combining
the geometric optics and the complex refractive index concept
presented in this paper makes it possible to describe the eva-
nescent wave sensor response even for the states far from the
steady one.

2. Theory

2.1. Single reflection at dielectric interface

The light ray incident on interface of dielectrics splits into
two rays, the refracting ray and reflecting one. Treating in-
dividual rays as plane waves and considering x-component
only (Fig. 1), we obtain

where ¥;, W, ¥, A, B, and C, are the wave functions and
amplitudes corresponding to the incident, reflected, and re-
fracted rays, respectively; k' is the wave number (k' =
2nn/A, n is the refractive index), @ is the angular fre-
quency; 6,, 6,, 6, are the angles complementary to the inci-
dent, reflecting, and refracting angles, respectively. In fur-
ther considerations time dependence ¢ 7" is omitted for
simplification. Angles 6, and 6, are not independent, but
they are related according to the Snell’s law [5]

cosf, = oS cosf,. (2)
L)

The continuity condition of the wave functions and
their first derivative at X = 0 lead to the relationship be-
tween amplitudes of the individual rays known as Fresnel’s
equation [6]. This equation do nat take into account the
polarisation state of the incident ray. Such simplification
can be acceptable in the case of non-coherent light source
(lack of distinguished direction of polarisation) or when n,
= n; (weakly guiding approximation):
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Fig. 1. Incident, reflecting, and refracting rays with corresponding wave functions.

and it corresponds to the wave function of the refracted ray
in the form

-
|
t 77 =Cexp{— kn,\]‘cosz 6. —”—;‘: .\'] 5)
n

Equation (5) shows that amplitude of the refracting ray,
during the total internal reflection, decays exponentially
with the distance from the interface of the dielectrics. This
phenomenon is referred to the evanescent wave. Change of
the refractive ray into the evanescent wave with variation
of 6,, when the total internal reflection is allowed (n; < ny),
is illustrated in Fig. 2.

The full form of the evanescent wave is obtained by
taking z-component into account, as well

2
¥, .. =Cexp| —kn \'lcos2 6. —H—i X + ik cos@. z |. (6)

L,z
Hl

It follows from Eq. (6) that the evanescent wave propa-
gates along the z-axis direction, but is decaying into the op-
tically rarer medium, parallel to the x-axis direction (see

Fig. 3) [7.

Fig. 2. Wave function of the refracting ray ¥, drawn for n| =

1.458, np = 1.334, A = 0.589 pm, 6, = 0.4 rad, and C = 1. For the

angles 6, smaller than 6, the function ¥, decays exponentially

(evanescent wave), however, for 6, > 6, the function ¥, has
a wave character.
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To characterise the evanescent wave a penetration pa-
rameter was introduced. The penetration depth d,, is defined
as a distance, into the optically rare medium, at which an
amplitude of the evanescent wave decreases to 1/e of its
initial value and can be given by

A

d, = !

2
n
27n [[ccs2 8, — £
| &

7= A : )

P
Zm?w{sinz 0, —sin? 6,

or

where 6, is the angle complementary to the critical angle,
defined as

6, = arccos”—z, ny < ny. (8)
G

For the fused silica (n = 1.458)/water (n = 1.333) sys-

tem and for VIS range (380-780 nm) the average value of

d, is about 250 nm, but for the angles close to the critical
angle d, exceeds even 1 pm. This is much more than mo-
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Fig. 3. Function representing the evanescent wave (‘F;y,). The
plane drawn for n; = 1.458, ny = 1.334, A = 0.589 pm, 6, = 0.36 rad,
and C=1.
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lecular dimensions and enables recording spectra of the
species present in an optically rare medium, which is a ba-
sis for the well known technique referred to the attenuated
total reflectance spectroscopy (ATR).

Apparently, for the total internal reflection the expres-
sions analogous to the Fresnel’s equations become com-
plex and can be given in the form [6]

—

f !?2
sin@, —i [cos” 6, — —%
B f n
= — ) (92)
A . w2
sin@, +i ]!cos‘ 0, ——i
‘\i] "
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Since light intensity is proportional to the square of
wave amplitude [8], thus, energy transmitted across the in-
terface T at single reflection is equal to

)

If we substitute equation (9a) into (10), we obtain [6]:

(10)

[2
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4sin 0, Rc\;sin2 0, —sin? 0.
T = J - (11)

2
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Since Re Jn% /nf ~ cos’ 6, # Oonly for 6, > 8, relation-

ship (11) refers only to the refractive rays (see Fig. 4). The
line depicted in Fig. 4 confirms the well-known fact that
energy is not transmitted (T = 0) for the angles 6, < 6,
when the total internal reflection is allowed (n, < n;).
Equation (11) describes refraction losses only and does
not take into account absorption properties of both opti-
cally rarer and denser media. This shortcoming can be
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Fig. 4. Relationship between the energy transmission coefficient
(T) and 6, for the fused silica glass (n; = 1.458)/water (n, = 1.334)
and 6. = 0.4 rad.

where p is the magnetic permittivity, € is the dielectric con-
stant, g is the electric permittivity of the vacuum, © is the
electric conduction of the medium, and ® is the angular
frequency.

For many media (except ferrimagnetics) p = 1 and at
the assumption that the medium under consideration does
not conduct (¢ = 0), Eq. (12) gives the well known rela-
tionship

n’ =¢ (13)

As a matter of fact, light is an electromagnetic wave
having enormous frequency (for VIS range @ = 10!6 Hz)
which causes electron oscillations which, in turn, can be in-
terpreted as intermolecular current despite the fact that the
medium lacked conductivity (on condition that the wave
energy is not sufficient to ionise atoms or molecules and
produces free current carriers). In such conditions an imag-
inary part of the refractive index is manifesting. Intensity of
the intermolecular current depends on the resonance fre-
quency of electrons in the atom or molecule. It means that
value and wavelength characteristic of the imaginary part is
an inherent feature of the examined species.

Accordingly, the complex refractive index can be attrib-
uted to every dielectric medium in the form

n=n,, +ing,. (14)

Applying Eq. (14) to a wave equation, we obtain

172 i e:‘kux = Ay E“"(".r“'“’;m X _ Ay eknm,\- em”"x, (15)

where an amplitude of the wave decreases exponentially
and decay is governed by an imaginary part of the refrac-
tive index. Expression (15) describes the attenuated wave
with the attenuation coefficient n;,. Introducing the com-
plex refractive index into Eq. (11), we obtain

| . 2
[[(”2.;1’ + m?,imJ

overcome by introducing the complex refractive index, 435in 0. Re —cos? 6.
which is defined as [9,10] ) \rr (Np,e + 09 )2 i
: = - - 5~ (16)
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Fig. 5. The energy transmission coefficient (T) vs. angle 0, for the
following values of the parameters: n ;. = 1.458, ny j, = 0; Ny (e =
1.334, ny i = 1x1073, 3x1073, 6x1073, 9x1073, 12x1073.

Assuming ny j, = 0 and n,;,, # 0, that correspond to the
case when only the optically rare medium is absorbing one,
the relationship between the transmission energy coeffi-
cient T and 6, differs from those in Fig. 4. The energy
transmission T has non-zero values even for the angles sat-
isfying conditions of the total internal reflection (see
Fig. 5). It means that the amplitudefintensity of the re-
flected ray is smaller than that of the incident one.

2.2. Multiple total internal reflection at a multimode
fibre waveguide

A light ray transmitted in a multimode waveguide under-
goes multiple total internal reflection, moreover, there are
propagated rays reflected at various incident angles. Addi-
tionally, skew rays, which never cross the fibre axis, should
be taken into account. Skewness is determined by the angle
6, in the core cross-section between the tangent to the in-
terface and projection of the ray path (Fig. 6).

Light intensity variations with the distance z of the fibre
and the angles 6,, 6, are described by [6,13]:

10.,04,2) = 10(6,,64) ¢~ 7% 17)

B4

Fig. 6. Skew ray in a fibre waveguide.
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where 19(8,, 0) and 1(6,, 65, z) are the intensity distribution
at fibre input and output, respectively: Y(6,, 0,) is the absor-
ption/extinction coefficient related to the energy transmis-
sion coefficient T according to ¥(8,, 6y) = T(6,, 05)N(6,, 6y),
where N(6,, 6;) is the number of reflections per unit length
that can be expressed as

T I (18)

2asin 0¢

where a is the radius of the fibre core.

During the spectroscopic measurement the average value
of light intensity, corresponding to a certain range of angles,
is recorded. The obtained result can be presented in form of
the absorbance E,, that compares light intensity during refer-
ence P, and sample measurement P according to

I
ref
E, = ‘°‘°°Tj_ (19)
where
[[100..05)e™ V5000 a0, de,
Pref = (20)

[[106..64)d6.4d6,

- N(8.,8,)T(6.0,)z
10(0,,04) e NC:0LEE g _gg
P=”0-¢ Sl PN

j [ [10(0..64)d6.d0,

Limits of the integrals are related to the geometry of the de-
tecting system.

Since the reference measurement is usually carried out
in the absence of absorbing species (s = 0), absorbance
can be evaluated according to

”10(92,90,, )d0,db,

-N(8 T(6.0,)z (22)
[ [10(6,.64) ™)1 5% 2 ag, a0,

EJH = log

In this point, it must be emphasised that energy transmis-
sion coefficient T was obtained assuming that the propagating
rays are plane waves and, in consequence, Eq. (22) is valid
only for the multimode fibres for which such an approxima-
tion is allowed. On the basis of Egs. (22) and (16), theoretical
lines were drawn and the results are shown in Fig. 7.

The results of theoretical calculations show that for not
large values of n, ;y, the function is linear and satisfies the
Lambert-Beer’s law. However, for higher values of an
imaginary part of the refractive index greater and greater
deviation from linearity is observed. Quantitatively, the ob-
tained theoretical results are comparable to the investiga-
tions made by other authors exploiting the modal analysis
[12,13]. There must be taken a note of the fact that an
imaginary part of the refractive index is related to the spe-
cies concentration and its molar absorption coefficient, as
follows [6]:
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Fig. 7. Relationship between the absorbance (E,,) of the evanescent
wave and an imaginary part of the refractive index (ng;y) of
a medium surrounding fibre core. The lines drawn according to
Egs. (22) and (16) for given values of the parameters: ny ;. = 1.410,
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where ¢ is the molar concentration of examined species, €
is the molar absorption coefficient at the wave length A.

The result presented in Fig. 8 indicates that the increase

in the refractive index of the cladding, more generally of

the medium surrounding core, causes increase in absor-

bance. Non-linearity of this phenomenon enables increase
in absorbance and in consequence in sensor sensitivity.

(23)

3. Experiment

3.1. Materials

The standard PSC fibre (core diameter 200 pm and NA =
0.38), produced in the Laboratory of Optical Fibre Tech-
nology UMCS, was used. Fibre cladding, silicon rubber,
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Fig. 8. Theoretically calculated evanescent wave absorbance vs.
refractive index of the medium surrounding the fibre core. Lines
drawn for given values of an imaginary part of the refractive index.

Opto-Electr. Rev., 8, no. 2, 2000

J. Rayss

Contributed paper

H
- H
OI H - I 4
N H H H
0% SNT O’H N N H
v« I
H R Y |
H
LW Ve e T
S\
o ii L /[ o
o o

Fig. 9. Structural formula of the amidoblack (naphtol blue black).

was removed by means of a surgical blade after the treat-
ment with the mixture of acetone and ethylene chloride
(1:1 v/v). A 35-cm long section deprived of cladding was
coiled into two loops 6.5 cm in diameter. The fibre was
held in the laboratory made Teflon support. Fibre length
between sensing section and both light source and detector
was constant and equal to 55 cm.

Solutions at different refractive indices (in Lhc range of
1.333-1.410) were prepared by mixing appropriate vol-
umes of water and glycerine (POCh, Gliwice, Poland, ana-
lytically pure). Every time the refractive index was mea-
sured by the Abbe’s refractometer (RL-2, PZO Warszawa,
Poland). As the absorbing species the amidoblack, see
Fig. 9, (Fluka, Germany) was chosen because of high ab-
sorption coefficient and good solubility in water. Amido-
black solutions at the concentration range 2x10-3 mol/dm?
do 2x1073 mol/dm? were prepared.

3.2. Spectrophotometric measurements

The spectra of amidoblack in water (n = 1.334) as well as
in glycerine solutions (n = 1.410) were recorded by
means of the double beam spectrophotometer (Specord,
M40, Karl Zeiss Jena) using 0.1 cm cuvettes (Fig. 10).
According to the obtained spectra the molar extinc-
tion/absorption coefficient of the dye was calculated. In
a broad range of concentrations the molar absorption co-

3x10~% mol/dm?3
1x10~4 mol/dm?
8x1075 mol/dm¢
w 6x1075 mol/dm®

4x10-5 mol/dm*
2x10~5 mol/dm

Absorbance
o
[a]
A

400 440 480 520 560 600 640 680 720 760
Wavelength (nm)

Fig. 10. Examplary spectra of amidoblack for different dye concen
trations. Measurements were made using the 0.1-cm cuvette.
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Fig. 11. Relationship between absorbance of the amidoblack
solutions at A = 630 nm and concentration of the dye, ® — the
glycerine solutions, @ — the water solutions.

efficient was constant and equal to Oj—g30 am = 4X10%
dm?mol-'em-! (Fig. 11), even though slight deviations
from linearity were observed for more concentrated solu-
tions. This case corresponded to very high values of
absorbance, hence, a relatively large measurement error.
Glycerine solutions showed slightly higher values of the
molar absorption coefficient.

3.3. Measurements in the evanescent wave system

As a light source white LED, having a spectral range from
420 to 720 nm and NA = 0.65, was used. Detection was
performed using the fibre optic spectrophotometer SPM-14
(WOCAD, Poland) that featured the spectral range of
380-780 nm, resolution 7 nm, and scanning fibre (core di-
ameter 50 pm and NA = 0.22). Scheme of the measurement
set-up is shown in Fig. 12.

Due to the angular relationship of evanescent wave
absorbance, the scanning fibre was placed in the position
corresponding to 90% maximal recorded intensity. Such
a procedure was applied as a compromise, on one hand at
smaller angles smaller absorbance was expected, on the
other hand at larger angles the lower signal level leads to
the worse signal-to-noise ratio. However, the fibre cou-
pling procedure made it possible to obtain reproducible and
comparable results.

Fig. 12. Scheme of the measurement set-up.
1. White LED NA = 0.65, 2. Sensing section of the fibre immersed
into the amidoblack solutions, 3. Scanning fibre (50/125 pm, NA 0.22)
— the integral part of the spectrophotometer, 4. CCD fibre optic
spectrophotometer
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4. Results and discussion

In Fig. 13, the examples of evanescent wave spectra of
amidoblack water solutions are shown. The shape of the lines
differ slightly from those obtained in the cuvette, but the max-
imum of absorption band occurred in the same range of the
wavelength, namely 620-640 nm. For further investigations,
aiming at finding the relationship between the evanescent
wave absorbance and the dye concentration, wavelength at
A = 630 nm was chosen. The obtained results are drawn in
Fig. 14. However, dependence of absorbance on the refractive
index of a given dye concentration is shown in Fig. 15. Both
shapes and absorbance values show good agreement with the
theoretical predictions (see Figs. 7 and 8).

0.154 ¢ = 1.91x10-3 mol/dm?
0.12
¢ = 9.2x10~* mol/dm3
3 0.094
c
3
S 0.06 - © = 5.6x10~ mol/tq?
@
;‘13: ¢ = 2.7x10~ mol/dm?

0.00 -

-0.03 —L .

500

¢ = 1.1x10-* mol/dm?

T T T

660 700

T T

580 620
Wavelength (nm)

540

Fig. 13. Evanescent wave spectra of amidoblack in water solutions.
Spectra recorded at different dye concentrations.

Comparison of the theoretically calculated absorbance
and the experimental one is shown in Fig 16. An imaginary
part of the refractive index for the experimental points was
calculated according to Eq. (21).

The diagrams show that theoretical predictions underes-
timate the experimental points. These slight discrepancies

050] —B— Npe=1.334 ¢
1 —8— npe=1.368 /./
i —A— nze=1.381
0357  _y_ ngpe=1.391 A
+
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Fig. 14. Results of measurements recorded at A = 630 nm for different
refractive indices and concentrations of amidoblack solutions.
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Fig. 15. Dependence of evanescent wave absorbance on the
refractive index for the chosen values of amidoblack concen-
trations.

between the experimental points and the theoretical lines
can result from the fact that fibre coiling was not taken into
consideration. In the curved fibre the angular ray distribu-
tion differed from the assumed one. Another reason for the
disagreement between the theoretical predictions and the
experimental results can be adsorption of the dye mole-
cules which brings about a local increase of the dye con-
centration in the space near the fibre core.

To compare the cuvette and the evanescent wave results
it is convenient to define evanescent wave molar extinction
coefficient in the form

(24)

where | is the length of the fibre sensing section, it turns
out that its value is about 3 dm3mol-'cm!, ie., 10000
times less than the “normal” molar extinction coefficient. It
means that the proposed sensing system based on the eva-
nescent wave absorption can be applied for the on-side and
on-line determination of colourful solution without sam-
pling and sample dilution. Another aspect, that should be
emphasised, is increase of €., with the refractive index in-
crease. This phenomenon might be useful in the analytical
practice.
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Fig. 16. Comparison of the experimental evanescent wave absor-

bance and the theoretical one of selected values of the refractive

indices. Dotted lines — experimental results, solid lines — theoretical
predictions.
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